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We study the Gauss-Bonnet (GB) holographic superconductors in the presence of an external
magnetic field. We describe the phenomena away from the probe limit. We derive the critical
magnetic field of the GB holographic superconductors with backreaction. Our analytical approach
matches the numerical calculations. We calculate the backreaction corrections up to first order of
O(κ2 = 8piG) to the critical temperature TC and the critical magnetic field BC for a GB super-
conductor. We show that the GB coupling α makes the condensation weaker but the backreaction
corrections O(κ2) make the critical magnetic field stronger.
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I. INTRODUCTION
The anti de Sitter/conformal field theory (AdS/CFT) correspondence [1] provides a powerful theoretical method to
investigate the strongly coupled field theories. It may have useful applications in condensed matter physics, especially
for studying scale-invariant strongly-coupled systems, for example, low temperature systems near quantum criticality
(see for example [2] and references therein). Recently, it has been proposed that the AdS/CFT correspondence also
can be used to describe superconductor phase transition [3]. Since the high TC superconductors are shown to be in the
strong coupling regime, one expects that the holographic method could give some insights into the pairing mechanism
in the high TC superconductors. Inspired by the idea of spontaneous symmetry breaking in the presence of horizon [4]
various holographic superconductors have been studied in Einstein theory [5] or extended versions as Gauss-Bonnet
(GB)[6, 7] , Horava-Lifshitz theory [8, 9] and Weyl corrected ones [12]. AdS/CFT can also describe superfluid states
in which the condensing operator is a vector and hence rotational symmetry is broken, that is, p-wave superfluid
states [10]. All these works are based on a numerical analysis of the equations of motion (EOM) near the horizon and
the asymptotic limit by a suitable shooting method. But as we know that the analytical methods are better and easy
for invoking in different problems. Recently some attempts have been done on analytical methods in superconductors
(see for example [11] and the references in it). In [11] the authors have shown that one can obtain the critical exponent
and the critical temperature by applying a variational method on the EOM. Their method and terminology is simple
and very sound. Instead of involving in numerical problems , we can obtain the critical temperature TC and the
exponent of the criticality very easily by computing a simple variational approach. They studied different modes of
super criticality s-wave, p-wave and even d-wave. Their good and efficient method can be applied on other condensers
with higher order Lagrangian black hole. Recently, we applied this method to superconductors in the presence of
the magnetic field [13], which our results are in good agreement with numerical results produced previously [14].
Another semi analytical method is based on the matching method, in which we match the asymptotic solutions at
a mid point. After matching, we can obtain easily the expectation values of the dual operators < O± > and the
critical temperature TC . Indeed, this method has been used by several authors [6, 9, 17]. In these topics the effect
of the external magnetic field is very important. A holographic model of superconductor with external magnetic field
previously has been studied numerically [14]. Here as we can observe, the higher order terms make the condensation
harder. We can study the backreaction effects in the presence of magnetic field. Our main goal in this paper is
to investigate the effect of the backreaction on the magnitude of the critical magnetic field BC . We calculate the
backreaction corrections up to first order of κ2 = 8πG to the critical temperature TC and the critical magnetic field
BC for a GB superconductor (to see more about BC in superconductors refer to [18]). We show that the GB coupling
α makes the condensation weaker but the backreaction corrections make the critical magnetic field stronger.
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2II. GAUSS-BONNET HOLOGRAPHIC SUPERCONDUCTORS AWAY FROM THE PROBE LIMIT
We write the action for a Maxwell field and a charged complex scalar field coupled to the Einstein−Gauss−Bonnet
(EGB) as
S =
1
2κ2
∫ √−gd5x[R+ 12 + α
2
(RµνραRµνρα − 4RµνRµν +R2)] (1)
+
∫ √−gd5x[−1
4
FµνFµν− | Dµψ|2 −m2|ψ|2],
where in it the GB coupling is α, the AdS radius l = 1, the field strength tensor is defined through Fµν = ∂µAν−∂νAµ,
and Dµ = ∂µ − iqAµ, where the charge of the scalar field is q. The mass of the scalar field is chosen such that it
remains below to the Breitenlohner-Freedman (BF) bound [15]. For 5-dimension case, the GB coupling α is bounded
within the range − 736 < α < 0.09 (see for example [16]). The hairy black hole (BH) solution in the EGB and with
plane symmetry is
ds2 = −f(r)e−χ(r)dt2 + dr
2
f(r)
+ r2(dx2 + dy2 + dz2) (2)
We choose the gauge Aµ = (φ(r), 0, BCx, 0), where BC is the critical magnetic field in direction z. In the absence of
the magnetic field , the superconductor phase has been described previously [6, 7]. If we ignore the backreaction, and
setting ψ = 0 (normal phase), the gravity sector decoupled from the matter part and the EGB field equations give a
charged GB black hole in AdS background
f0(r) =
r2
2α
[1−
√
1− 4α(1− h
4
r4
) +
8κ2αρ2
3h2r4
(1− h
2
r2
)] (3)
χ0(r) = 0
φ0(r) = µ− ρ
r2
We choose the minus sign of the solutions so that we have a solution in the Einstein limit of GB theory α → 0. The
horizon locates at r = h and the BH temperature reads as TBH =
h
4pi . The effective asymptotic AdS scale is given by
leff =
√
2α
1−√1− 4α (4)
The figure (1) shows the behavior of the leff for − 736 < α < 0.09.
In next section we will use from the zeroth order solutions given in (3) in a perturbation method based on the work
of [17]. The field equations can be written as the following forms
∇µFµν = iq(ψ∗Dνψ − ψD∗νψ∗) (5)
DµD
µψ −m2ψ = 0 (6)
Rµν − 1
2
Rgµν − 6gµν + 4α[RµσκτRσκτν (7)
−2RµρνσRρσ − 2RµσRσν +RRµν −
1
2
gµν(R
µνραRµνρα
−4RµνRµν +R2)] = κ2Tµν ,
here the Tµν denotes the total energy-momentum tensor of matter fields.
3FIG. 1: The leff as a function of the coupling −
7
36
< α < 0.09.
In limit of the zero magnetic field BC = 0, the field equations are given by
f ′ = 2r
2r2 − f
r2 − 4αf (8)
−κ2 r
3eχ
f
[
2q2φ2ψ2 + f(2m2ψ2e−χ + φ′2) + 2f2e−χψ′2
r2 − 4αf ]
χ′e−χ = −2κ2 r
3(q2φ2ψ2 + e−χf2ψ′2)
f2(r2 − 4αf) (9)
φ′′ = −(3
r
+
χ′
2
)φ′ +
2q2ψ2φ
f
(10)
ψ′′ = −(3
r
+
f ′
f
− χ
′
2
)ψ′ − (q
2φ2eχ
f2
− m
2
f
)ψ (11)
This system has been studied completely using numerical schemas [7]. It has been shown that the critical temperature
in the absence of any magnetic field is TC ≈ ρ1/3. For T < TC these solutions will be unstable to form scalar hair,
i.e. develop a non-vanishing value of ψ on the horizon. In the gauge theory − gravity duality, TC is the temperature
below which superconductivity appears.
III. CALCULATING THE CORRECTIONS TO BC
The critical temperature with backreaction has been obtained analytically in [17] and we briefly summarize the
main results first. In order to solve the field equations (8)-(11), firstly we define a new coordinate z = hr . This map
converts the interval (h,∞) of the coordinate r to the inside of the strip (0, 1) of the new coordinate z. It is useful in
numerical analysis of the field equations. We examine the near critical point behavior of the system. It is convenient
to introduce a small parameter for our perturbation analysis
ǫ ≡< O△+ > (12)
4FIG. 2: The ratio of TC/T0 for a sample of the κ as a function of the coupling −
7
36
< α < 0.09.
Near the critical point , the value of the scalar field ψ is small. Thus we can expend the fields , metric functions and
the chemical potential µ as the following series
φ = Σ∞0 ǫ
2nφ2n (13)
ψ = Σ∞0 ǫ
2n+1ψ2n+1 (14)
f = Σ∞0 ǫ
2nf2n (15)
ν = Σ∞1 ǫ
2nν2n (16)
µ = µ0 + ǫ
2δµ2, (17)
here ǫ << 1. From (17), we obtain the familiar exponent 12 for phase transition. The critical value of the chemical
potential is µC = µ0. Including the backreaction effects on the critical temperature when κ
2 << 1 has been discussed
in [17]. The corrected critical temperature in first order of κ2 and with the matching point zm =
1
2 ,mass m
2 = −3
and the conformal dimension △+ = 3 is
TC = T0(1− 2κ2δT ), (18)
where in it
T0 =
3
√
ρ
22/3π
(0.778 + 1.5α)−1/6 (19)
δT = 1.641 + 2.667α (20)
The figure 2 shows the behavior of the TC/T0 as a function of the GB coupling α for different values of κ
2. As we
can observe that, when we fix the backreaction coupling, then in fixed coupling κ2, increasing the GB coupling α
decreases the rate of TC/T0. It means that the condensation becomes harder when we increase the GB coupling in a
fixed backreaction’s correction.
5Now, we consider an external magnetic field, so ψ1 satisfy following differential equation
ψ′′1 +
(
f ′0
f0
− 1
z
)
ψ′1 +
h2
z4
(
φ20e
χ
f20
− m
2
f0
)
ψ1 = (21)
− l
2
z2
[
∂2x + (∂y − iBCx)2
]
ψ1
By separation of variables we have
ψ1 = e
ikyyXn(x)Zn(z), (22)
where X(x) satisfies following equation for a two dimensional harmonic oscillator
− (∂2x − (ky −BCx)2)Xn(x) = unBCXn(x). (23)
Simply one can find X(x) in terms of Hermite function Hn as
X(x) = e−a(x−x0)
2
Hn(x), (24)
where un = 2n + 1, a = (BC)/2, x0 =
ky
BC
. By considering the lowest mode n = 0, one can obtain the following
equation for Z0(z),
Z ′′0 +
(
f ′0
f0
− 1
z
)
Z ′0 +
h2
z4
(
φ20e
χ
f20
− m
2
f0
)
Z0 =
BC l
2
z2f0
Z0, (25)
Due to the regularity at the horizon we have
Z ′0 =
m2h2 +BCl
2
f ′0(1)
Z0(1) (26)
In details, we must remove the singularity from the term
φ20e
χ
f2
0
near the horizon, located at z = hr = 1. From (3), it is
obvious that when z = 1, then f0 → 0, φ20 → 0. Using the Hopital’s rule for removing the singularity, from the term
limz→1(
h2
z4
(
φ20e
χ
f2
0
− m2f0
)
− BC l2z2f0 ))Z0(z), by simple algebra we obtain the non singular part
m2h2+BC l
2
f ′
0
(1) Z0(1). Collecting
it with the same taking limit process we obtain (26). At the AdS boundary z = 0 we can write
Z0 = D+z
∆+ , (27)
where ∆+ = 2+
√
4 +m2l2eff . Now we would like to obtain the solution of Z0 using the matching method [17] (see
also [20]) . For this purpose we can expand Z0 in a Taylor series near the horizon as
Z0 =
∞∑
n=0
Z
(n)
0 (1)(1 − z)n (28)
From (25), we obtain Z ′′0 (1) as
Z ′′0 (1) = −
1
2
(
3 +
f ′′0 (1)
f ′0(1)
− (29)
m2h2 +BC l
2
f ′0(1)
)
Z ′0(1)−
h2φ′0(1)
2
2f ′20 (1)
Z0(1).
So an approximate solution near the horizon is given by
6Z0(z) = Z0(1)− m
2h2 +BC l
2
f ′0(1)
Z0(1)(1− z) (30)
−
[
m2h2 +BC l
2
4f ′0(1)
(
3 +
f ′′0 (1)
f ′0(1)
−m
2h2 +BC l
2
f ′0(1)
)
+
h2φ′0(1)
2
4f ′20 (1)
]
Z0(1)(1− z)2 +O((1 − z)3)
Now we connect the solutions Eq.(27) and (30) at the matching point zm =
1
2 smoothly and by defining a new
parameter ξ = m2h2 +BCl
2 we have
(
1
2
)∆+D+ = Z0(1)− ξ
2f ′0(1)
Z0(1) (31)
−
[
ξ
4f ′0(1)
(
3 +
f ′′0 (1)
f ′0(1)
− ξ
f ′0(1)
)
+
ξ
4f ′20 (1)
]
Z0(1)
4
,
∆+(
1
2
)∆+−1D+ =
ξ
f ′0(1)
Z0(1) (32)
+
[
ξ
4f ′0(1)
(
3 +
f ′′0 (1)
f ′0(1)
− ξ
f ′0(1)
)
+
h2φ′0(1)
2
4f ′20 (1)
]
Z0(1)
2
.
From these equations, we obtain the relation between D+, and Z0(1)
D+ =
2∆+
1 + ∆+2
(
1− ξ
4f ′0(1)
)
Z0(1), (33)
Substituting D+ from above equation into Eq. (30), we find following relation in case of Z0(1) 6= 0
2∆+
1 + ∆+2
−
( ∆+
2
1 + ∆+2
+
7
4
)
ξ
f ′0(1)
− ξ
4
f ′′0 (1)
f ′0(1)
2 (34)
+
1
4
ξ2
f ′0(1)
2 −
h2
4
φ′0(1)
2
f ′0(1)
2 = 0.
By substituting the values of f ′0(1), f
′′
0 (1) and φ
′
0(1) into (35), we obtain an equation for µ0
κ4l4
9h4
[
2∆+
1 + ∆+2
− l
2ξα
2h2
]
µ40 (35)
− l
4
16h2
{
1 + 2κ2
[(
32
3l2
+
ξl2
3h2
)
∆+
1 + ∆+/2
+
2ξ
h2
− 8ξ
3h2
α]}µ20 +
∆+/2
1 + ∆+2
(
4 +
l2ξ
4h2
)
+
3
8
ξ2l4
h4
1
64
− ξl
2
h2
α = 0. (36)
In the above equation we assume that κ4 ≪ 1, then by considering the relation µ0 = ρh2 (which is obtained from
φ0(1) = 0 from Eq. (2)) , we can write following expression for BC .
BC = B1 + κ
2δB, (37)
7FIG. 3: The plot of the Critical magnetic field logBC as a function of the temperature T for different values of the backreaction
κ for GB coupling α = 0.01.
The resulting critical magnetic field is the upper critical magnetic field, not the lower one .
B1 =
π2T 2
(2 + ∆+)
{
2
[
16(3− 4α)2 (38)
+16(7− 32α+ 16α2)∆+ + 4(16α2 − 40α+ 9)∆2+
+
(2 +∆+)(96α∆+ + 192α+ 145∆+ − 126)T 6c
4T 6
]1/2
−(18 + 17∆+ − 32α− 16∆+α)
}
δB =
4π2T 6c
3T 4(2 + ∆+)2
(96α∆+ + 192α+ 145∆+ − 126)
{
3 + 2∆+ − 2α(2 + ∆+) (39)
−2
[
18 + 19∆+ + 6∆
2
+ + 8α
2(2 + ∆+)
2 − 6α(8 + 10∆+ + 3∆2+)
]/[
16(3− 4α)2
+16(7− 32α+ 16α2)∆+ + 4(16α2 − 40α+ 9)∆2+
+
(2 +∆+)(96α∆+ + 192α+ 145∆+ − 126)T 6c
4T 6
]1/2}
In the next figures (3,4), we plot the variation of the logBC as a function of the temperature T/Tc for different
values of the backreaction κ, GB coupling α. The figure (3) shows the variation of logBC for α = 0.01. As we observe
that when we fix the GB coupling at α = 0.01, varying the backreaction effects term κ2, the critical magnetic field,
with backreactions corrections becomes larger. Thus the backreaction terms κ2 in fixed GB coupling α makes the
condensation harder. It is observed from figure (4), in which we fixed the backreaction effects term κ = 0.01 and
varying it with respect to the GB coupling α = −0.19, 0, 0.07,the effect of changes in α makes the critical magnetic
field weaker, because it is always smaller than the critical magnetic field to α = 0. As one can see δB is positive for
8FIG. 4: The plot of the Critical magnetic field logBC as a function of the temperature T for different values of the GB coupling
α for the value of κ = 0.01.
possible values of the Hawking temperature below the critical temperature and the Gauss-Bonnet coupling. Due to
this backreaction makes the critical magnetic field stronger. Previously such investigation in the case κ2 = 0 have
been done by Ge, et. al in [19]. Our result in this special case is match with the result of [19]. One can see the
behavior of backreaction term δB with respect to temperature ,it shows that higher temperature T leads to a lower
δB.
IV. CONCLUSIONS
There are many interesting features for critical phenomena and superconductivity when we are working on higher
orders corrections, specially when we are interesting in the Gauss- Bonnet corrections [6, 7]. In the present paper we
have investigated the implication of Gauss-Bonnet correction to the holographic superconductor in the presence of an
external magnetic field, and away from probe limit. Here we have done our calculation analytically, where the results
are matches with the numerical calculations. We have obtained the critical magnetic filed logBC up to order k
2. The
resulting critical magnetic field is the upper critical magnetic field, not the lower one . Our results show that the GB
coupling α makes the critical magnetic field weaker, because it is always smaller than the critical magnetic field to
α = 0. But the backreaction corrections make the critical magnetic field stronger.
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VI. NOTE ADDED
When we was busy with the calculation for this paper, a paper [20] appeared in arXiv where the similar problem
have been discussed.
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